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The possibilities of the Catastrophe Theory for predicting the dynamics of forest ecosystems and developing scenarios for sustainable 
forest management are discussed. The main features of the approach are described. The achievements and difficulties of application for 
the Catastrophe Theory in scientific research have been discussed. Examples are given of the application for the study of ecotones (steppe 
- forest), succession modeling, forest restoration prediction and forest description as a multilayer system. Particular attention is paid to 
the problem of reforestation. The Catastrophe Theory can provide an explanation for the appearance of abrupt changes in reforestation 
as a result of minor changes in controlling factors and why such changes occur in different configurations of control factors. Methods of 
Catastrophe Theory allow, identifying and predicting crises in the forest development, which is very important for the management of 
bioresources. A great achievement of modern Catastrophe Theory is the transition from qualitative forecasting of generalized situations 
to quantitative prediction of real situations. Modern models, built on its basis and parameterized using field observations, describe real 
situations quantitatively. These models can be used to assess whether the trajectory is following the desired path and to estimate recovery 
rate or to forecasting possible scenarios. The methods of Catastrophe Theory are universal and can be used for all forests of the world 
and other ecosystems.

1.  Introduction 

In connection with the understanding of the role of forests 
to maintain the stability of the biosphere and climate, the 
problem of sustainable forest management is acute (Messier 
et al., 2013; Beech et al., 2017). But, both the modelling results 
as good as the country predictions suggest that, at the global 
level, forest resource loss is likely to continue but slow down 
by 2030 (d’Annunzio et al., 2015). This tendency is due to the 
huge scale of timber harvesting and fires, so the problem of 
reforestation and conservation of forest resources is becoming 
more urgent (Maiti et al., 2016; Keane et al., 2017). 

Despite of the many publications on this issue, there is still no 
comprehensive understanding of the mechanisms for changing 
forest ecosystems (Lankin, Ivanova, 2015). Also, the lack of 
quantitative methods for predicting the success of recovery 
is felt quite sharply (Benjamin et al., 2017). Gradually came 
the understanding that an interdisciplinary approach can help 
to solve this problem (Nadrowski et al., 2013; Gewin, 2014; 
Brown et al., 2014). In connection with it methods developed 
in other sciences (including mathematics) were started 
to use in the ecology. Multidisciplinary research between 

ecologists and statisticians has led to significant advances 
in many different aspects of biodiversity modeling (Warton, 
2015; Clark et al., 2017; Warton and McGeoch, 2017). Some 
researchers were interested in the Catastrophe Theory. It is 
due to the fact that the methods of the Catastrophe Theory 
allow us to describe and predict crises in the development of 
ecosystems. There is no doubt that the timely identification 
of crisis situations in the process of reforestation is crucial for 
forest management (Lankin, Ivanova, 2015). However, the 
methods of Catastrophe Theory are used extremely rarely. 
First of all, this is due to insufficient awareness of modern 
researchers about new achievements in this direction.

2.  Basic Provisions 

The catastrophe theory can provide explanations for a 
number of phenomena, for instance, how abrupt changes 
in behavior can result from minute alterations in controlling 
factors, and why such changes occur at different control factor 
configurations depending on the past states of the system 
(Poston, Stewart, 1978; Grasman et al., 2009). 

The beginnings of the catastrophe theory were laid in the 
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classical works of Leonhard Euler. He worked on the theory of 
stability, which is a multifarious discipline studying patterns of 
behavior in different systems under the influence of external 
factors. The theory of stability of mechanical systems is most 
well-developed in the works of Euler. The Catastrophe Theory 
as a branch of mathematics began to take shape back in the 
mid-twentieth century. The creators of this theory are the 
French mathematician Rene Thom (Thom, Zeeman, 1975; 
Zeeman, 1976) and the Russian mathematician Arnold (1992). 

This theory examines general principles, which manifest 
themselves in different situations, and helps to understand 
better the mechanism of natural forces in action. Catastrophes 
are intermittent changes that occur as a sudden response of 
a system to smooth changes in external conditions (Arnold, 
1992). The value of an elementary catastrophe theory is that 
it reduces a great diversity of situations to a small number of 
standard schemes, which can be studied in detail. 

Catastrophe theory cannot prevent a sudden deterioration of a 
situation; neither will it provide a quick resolution of the crisis. 
However, it allows you to delve deeper into the essence of the 
phenomena and processes of the real world and to understand 
the underlying mechanisms better. In mathematical terms, 
a catastrophe is a sudden restructuration of a system, a 
qualitative change ща its condition. It is of vital importance 
to be able to choose the right solution at the very start of a 
crisis. Henceforth, the catastrophe theory was popularized in 
the 1970s (Thom and Zeeman, 1975; Deakin, 1980; Gilmore, 
1993), and was promoted as a strategy for modeling in various 
disciplines like physics, biology, psychology, and economics 
(Grasman et al., 2009). However, the models chosen were 
only qualitative. They described generalized situations and 
were of little use when solving specific practical tasks, and 
therefore, the transition to the quantitative level proved 
difficult and ultimately came to a standstill. It caused a great 
deal of criticism of the catastrophe theory (Deakin, 1978, 
1980; Loehle, 1989; Rosser, 2007; Grasman et al., 2009), which 
almost out an end to further research. 

Despite all this, stochastic formulations of the catastrophe 
theory have been found; statistical methods have been 
developed to allow a quantitative comparison of catastrophe 
models across the data available (Cobb, 1981; Cobb et al., 
1983; Oliva et al., 1987; Wagenmakers et al., 2005; Grasman 
et al., 2009). However, a lack of software and special training 
necessary for biologists and foresters inhibited the use 
of the catastrophe theory for analyzing and forecasting 
the state of woody plants and their ecosystems. In recent 
years the situation has changed for the better. Grasman 
et al. (2009) proposed an add-on package for statistical 
computing environment R, which implements the method 
of (Cobb et al., 1983), and extends it in a number of ways. 
In particular, the approach of Oliva et al. (1987) is adopted 
to allow for a behavioral variable that is embedded into 

multivariate response space. The package is available from the 
Comprehensive R Archive Network at http://CRAN.R-project.
org/package=cusp. 

3.  Examples of Models

3.1.  Forest–steppe

The model of the change from the forest to the steppe 
(and vice versa) presents a great interest for the analysis of 
vegetation dynamics in a changing climate. These models were 
studies by Armand and Kunasheva (1989), who conducted a 
research on the border between forest and steppe. They made 
a detailed analysis of critical states and described the change 
in vegetation in terms of the catastrophe theory. The upper 
wing of the cusp catastrophe is taken as forest ecosystems, 
with the lower wing corresponding to the steppe. The ecotone 
between the forest and the steppe has been analyzed as a 
hysteresis loop. The main focus of the work was to find the 
limiting (critical) values of the external and internal factors.

3.2.  Model of succession

In most cases, forests consist of several woody species 
with different biological characteristics. Their share in the 
composition of the emerging forest does not remain constant 
and often varies dramatically (thereby showing discreteness), 
alongside smooth, continuous changes in factors. Frelich 
and Reich (1999) used the catastrophe theory to describe 
changes in woody species of boreal and tropical forests. 
Their model describes the dominance of woody species 
that are a characteristic of later succession stages. The 
authors put forward and tested a hypothesis about the role 
of neighborhood effects, which can be positive, negative 
and neutral. The second control variable in the system is 
disturbance severity. The model describes both sharp changes 
in states and the dynamics of succession.

The work by Isaev et al. (2005, 2008) is devoted to 
development of model describing succession in the forest 
communities as first and second order phase transitions. 
Changes in the species composition of wood communities 
caused by natural and anthropogenic factors are considered. 
The math model of sequential succession transition in the 
wood communities is proposed and verified. The model makes 
it possible to quantify the process of changing tree species 
in a single-aged forest stand, which is extremely common in 
taiga forests. It has been shown that the model is in good 
agreement with the actual data. The proposed approach 
allows establishing critical values of stand biomass at which 
the succession transition begins.

3.3.  Reforestation after timber harvesting

We studied reforestation in the Ural Mountains (Russia) for 
more than 20 years (Ivanova, 1999, 2000, 2014; Ivanova, 
Zolotova, 2015, 2017). Quantitative data on the structure 
of indigenous forests, cuttings and secondary ecosystems of 
different ages were obtained. These data served as the basis for 
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Figure 1: Model of the cusp catastrophe: MCL – metastable 
state, BGS – separatrix, a*, b* – control parametrs

constructing mathematical models. The aim of the modeling 
was to forecasting of forest ecosystem dynamics as the basis 
for sustainable forest management. The cusp catastrophe was 
chosen as the basis for building models (Figure 1). The cusp 
catastrophe is one of the seven elementary catastrophes. 
In biological and behavioral sciences, the so-called cusp 
catastrophe model has been applied most frequently, as it 
is the simplest of the catastrophe models (Grasman et al., 
2009). It is summed by the equation:
dx dx
dt dt

F
X
б
б= =-(x3+ax+b)or

				    (1)

Where, F is the potential function that determines the 
energy characteristics of the system.		

F(X, a, b) X4+ ax2+b1 1
4 2=                                                              (2)

In the process of constructing a generalized model for the 
formation of vegetation after harvest, Bystrai and Ivanova 
(2010) described the basic concepts and equations of 
Catastrophe Theory. They built a quantitative mathematical 
model that takes into account the peculiarities of the region 
and habitat for the dynamics of the vegetation of the Ural 
Mountains (Ivanova, Bystrai, 2010). This model allows you 
to make quantitative predictions of real situations. The 
existence of alternative lines of the succession dynamics of 
forests in the habitat was formalized within the framework 
of catastrophe theory. Quantitative methods for assessing 
the sustainability of reforestation were proposed (Bystrai, 
Ivanova, 2010; Ivanova et al., 2011; Ivanova, 2013; Ivanova, 
Zolotova, 2013). One of these methods is the construction 
of potential functions (Figure 2). Local and global stability of 
the forest ecosystem is determined by type of the potential 
functions (presence of minima and maxima). Minima show 
steady states. Special studies are devoted to the study of 
the effect of control parameters on the growth of woody 
plants (Ivanova et al., 2011). As a result, the critical thickness 
of the soil is determined, at which the equality of the 
numbers of pine and birch on felling is observed. It was 27 
cm for the southern taiga forests of the Middle Urals. Natural 
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Figure 2: Potential function (F*) of the cusp catastrophe: η – 
order parameter, the points correspond to natural ecosystems 
(loggings and forests that have different age and succession 
status)

regeneration of pine predominates on shallow soils. Natural 
regeneration of birch dominates on powerful soils. As a result, 
various forests are formed on different soils. Calculations 
show a satisfactory agreement of theory and experimental 
data. It reflects the perspectives of the catastrophe theory 
for describing, analyzing and forecasting forest ecosystems 
dynamics, sustainability assessment and crises identification.

3.4.  Model of a mosaic multi-tiered forest

Guts, Hlyzov (2011) solve the problem of constructing a 
mathematical dynamic model of a mosaic multilevel forest, 
with the help of which it would be possible to predict the 
state of forests depending on the effect of various factors. 
Researchers proposed a mathematical model of a mosaic 
multi-tiered forest with a view to describing succession series 
(Guts, Hlyzov, 2011). The model is based on four controlling 
external factors that determine the ecosystem environment. 
Such factors were chosen: soil moisture, mosaic, the presence 
of competition and anthropogenic violations of forest 
ecosystems (deforestation, fires). The star catastrophe is 
the basis of the model. The star catastrophe describes seven 
equilibrium states simultaneously. However, only four states 
can be stable (Guts, Volodchenkova, 2012). This model is also 
used to describe the succession after harvesting and fires, the 
relationship between vegetation and soils, the degradation of 
birch forests under the influence of excessive moisture (Guts, 
Volodchenkova, 2012, 2015).

4.  Conclusion

Thus, the Catastrophe Theory continues to be actively used to 
analyze the sustainability and restoration of forest ecosystems. 
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Modern models, built on its basis and parameterized using 
field observations, describe real situations quantitatively. 
These models can be used to assess whether the trajectory is 
following the desired path and to estimate recovery rate or to 
forecasting possible scenarios. The methods of Catastrophe 
Theory are universal and can be used for all forests of the 
world and other ecosystems.
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